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Introduction

» Lletn>2and d e N.

» Consider the following Kolmogorov type hypoelliptic operator:
d . n
o= a0x0ny + D % Vs (1.1)
ij=1 j=2

where X = (X1, Xz, -, Xa) € R™ with x; = (Xj1,---, Xjg) € R%, V), =
(B »0xg), @ = (a]) : R > M9, is a measurable map.
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Introduction

» Lletn>2and d e N.

» Consider the following Kolmogorov type hypoelliptic operator:

d n
- Z 8} Oy Oy + Z X Vs (1.1)
=1 =2

where X = (X1, Xz, -, Xa) € R™ with x; = (Xj1,---, Xjg) € R%, V), =
(Oxy»- -+ 2 0xg): ar = (@ al):R - M9, is a measurable map.

» Here ngm stands for the set of all symmetric d x d-matrices. Suppose
that for some k > 1,

K Mg < ar < Klgxg. (1.2)

Xicheng Zhang LP-Regularity for Kolmogorov type hypoelliptic o Cheng-Due2018.7.16 2/29



> Let V = (VX17 T, VXH)’ V)2(n = (axm-axnj)i’j:‘]’...’d and

Odxd lIaxd -+ -+ Ogxd

Odxd Ogxd Idxa Ogxd

Odxd  Iagxd

Odxa -+ ==+ Odxd Odxd Jpgeng
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» Let V = (VX17 Tt VXN)’ V)2(n = (axm-axnj)i’j:‘]’...’d and

Odxd lIaxd -+ -+ Ogxd

Odxd Ogxd Idxa Ogxd

Odxd  Iagxd

Odxa -+ ==+ Odxd Odxd Jpgeng

» We can rewrite .%; as the following compact form:
L =u(ar Vi) +Ax-V,

where “tr” denotes the trace of matrix.
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» Consider the following linear stochastic differential equations (SDEs):
dX7* = AXPXdt + o2dW,  fort > s with X5 = x, (1.4)
where (W;)ter is a standard nd-dimensional Brownian motion and

o2 ::( O(n-1)ax(n-1)d>  O(n-1)dxd (1.5)

0d><(n—1)d’ ( Vzaf)dXd ndxnd '
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» Consider the following linear stochastic differential equations (SDEs):
dX7* = AXPXdt + o2dW,  fort > s with X5 = x, (1.4)

where (W;)ter is a standard nd-dimensional Brownian motion and

oa ::( O(n-1)dx(n-1)d>  O(n—1)dxd ] ' (1.5)
0d><(n—1)d’ ( Vzaf)dXd ndxnd
» If a; = a does not depend on t (i.e., time homogeneous), then
sx (d) - tA o
XP* = Z s with Zf =e x—|—f e oddW,. (1.6)
0
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» ZXis an (nd)-dimensional Gaussian random variable with density

e (©1/2(y="x))" T 0172 (y-¢"x)

((2)9t7d det(T))1/2

pi(x.y) =

’

where ©, : R™ — R™ is the dilation operator defined by

O,(x) = (rP" ' x1, " 3%, -+, 1xp), (1.7)

and © _f e od(o?)*e™ dr is the covariance matrix of Z.
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e (©1/2(y="x))" T 0172 (y-¢"x)

((2)9t7d det(T))1/2

pi(x.y) =

’

where ©, : R™ — R™ is the dilation operator defined by

O,(x) = (rP" ' x1, " 3%, -+, 1xp), (1.7)

and © —f e od(o?)*e™ dr is the covariance matrix of Z.

» For f € C2(R™), define

Ts.1f(x) = BA(X). (1.8)
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» ZXis an (nd)-dimensional Gaussian random variable with density

e (©1/2(y="x))" T 0172 (y-¢"x)

((2)9t7d det(T))1/2

pi(x.y) =

’

where ©, : R™ — R™ is the dilation operator defined by

O,(x) = (rP" ' x1, " 3%, -+, 1xp), (1.7)

and © —f e od(o?)*e™ dr is the covariance matrix of Z.

» For f € C2(R™), define
Ts.1f(x) = BA(X). (1.8)
» 4 is the infinitesimal generator of 7 ;.

asTs’tf + DS/ﬂsTs,tf = 0. (1 9)
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» Define

u(s, x) ::f e"”‘i‘s,Hsf(tJrs,x)dt:f e =S)g £(r, x)dr.
0 s
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» Define

u(s, x) ::f e"”‘i‘s,Hsf(tJrs,x)dt:f e =S)g £(r, x)dr.
0 s

» One sees that

dsu(s, x) + (L — Au(s, x) + f(s,x) = 0. (1.10)
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» Define

u(s, x) ::f e"”‘i‘s,prsf(t—ks,x)dt:f e =S)g £(r, x)dr.
0 s

» One sees that
dsu(s, x) + (L — Au(s, x) + f(s,x) = 0. (1.10)
» Our main result is

Theorem 1 (Local version)

Let p € (1, ). Under the uniform ellipticity condition (1.2), there is a con-
stant C = C(n,«, p,d) > 0 such that for all f € LP and A > 0,

where A:(j/ (2000) . — _(~A,)/(1+2(n0)) js the fractional Laplacian acting

on the j-th variable x; € RY.

1/(1+2(n—j i
Ax,-/( +2(n /))U“p <Clfll, j=1,...,n, (1.11)

v
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» Consider the following n + 1-order stochastic differential equation:

d)(t(n) _ bt(Xt’Xt“)’ ce ’Xt(n))dt + O't(Xt, Xt(1)’ Tt ,Xt(n))th,
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» Consider the following n + 1-order stochastic differential equation:

d)(t(n) _ bt(Xt’Xt“)’ ce ’Xt(n))dt + O't(Xt, Xt(1)’ Tt ’Xt(n))th’

> Xt(") denotes the n-order derivative of X; in the time variable.
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» Consider the following n + 1-order stochastic differential equation:

d)(t(n) _ bt(Xt’Xt“)’ ce ’Xt(n))dt + O't(Xt, Xt(1)’ Tt ’Xt(n))th’

> Xt(") denotes the n-order derivative of X; in the time variable.

» bR, xRN RIand o : Ry xR s RIQRY are measurable
functions.
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» Consider the following n + 1-order stochastic differential equation:

d)(t(n) _ bt(Xt’Xt“)’ ce ’Xt(n))dt + O't(Xt, Xt(1)’ Tt ’Xt(n))th’

> Xt(") denotes the n-order derivative of X; in the time variable.

» bR, xRN RIand o : Ry xR s RIQRY are measurable
functions.

» W; is a d-dimensional Brownian motion.
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> Let
Xp = (X, X, xM,

~

Xicheng Zhan, LP-Regularity for Kolmogorov type hypoelliptic o Cheng-Due2018.7.16 8/29
g g g y



» Let

Xt = (Xt9Xt(1)"" 9Xt(n))

» X; solves the following one order stochastic differential equation
dX = (X, X by (X))t + (0, -+, 0,0(Xe)d W), Xo = X,

where x = (X,'),':o’...,n = ((Xij)j:1,~-,d)i:0,~--,n-
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» Let

Xt = (Xt9Xt(1)"" 9Xt(n))

» X; solves the following one order stochastic differential equation

dX = (X, X by (X))t + (0, -+, 0,0(Xe)d W), Xo = X,

where x = (X,'),':o,...,n = ((Xij)j:1,~-,d)i:0,~~-,n-

» In particular, the infinitesimal generator of Markov process X;(x) is
given by

d n
LX) = D (o) ()0 T+ > X5V, F(X)+b1(X)-Vx, ().
ijk=1 j=1
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» Estimate (1.11) could be used to study the well-posedness of the above
SDE with rough coefficients b and o
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» Estimate (1.11) could be used to study the well-posedness of the above
SDE with rough coefficients b and o

» When n = 1 and o is bounded and uniformly nondegenerate, in [1] we
have studied the strong well-posedness with both (I — Ay,)'/®b and
Vo in LP (R4 x R29) for some p > 4d + 2.

loc
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» Estimate (1.11) could be used to study the well-posedness of the above
SDE with rough coefficients b and o

» When n = 1 and o is bounded and uniformly nondegenerate, in [1] we
have studied the strong well-posedness with both (I — Ay,)'/®b and
Vo in LP (R4 x R29) for some p > 4d + 2.

loc
» Fedrizzi E., Flandoli, Priola and Vovellel?l obtained the similar results
when ot = lgxd.

[1] Zhang X.: Stochastic Hamiltonian flows with singular coefficients. Science China: Mathematics (2018+).
[2] Fedrizzi, Flandoli F., Priola E. and Vovelle J.: Regularity of Stochastic Kinetic Equations. Electron. J. Probab. Volume 22 (2017),
paper no. 48, 42 pp.
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» Bramanti, Cupini, Lanconelli and Priolal"! adopted Coifman-Weiss’ the-
orem to show the estimate (1.11) for j = n.
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» Bramanti, Cupini, Lanconelli and Priolal"! adopted Coifman-Weiss’ the-
orem to show the estimate (1.11) for j = n.

» When n = 2, in [2] we established a version of Fefferman-Stein’s the-
orem and then used it to show the estimate (1.11) for j = 1,2 even for
nonlocal operators.
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» Bramanti, Cupini, Lanconelli and Priolal"! adopted Coifman-Weiss’ the-
orem to show the estimate (1.11) for j = n.

» When n = 2, in [2] we established a version of Fefferman-Stein’s the-
orem and then used it to show the estimate (1.11) for j = 1,2 even for
nonlocal operators.

» In [2], we have used the following Bouchet’s result!®l: Let u satisfy
Otu+ X2 - Vy,u =T,

then for any a > 0,

a a 1 @

2(1+a 2 T+a T+a
1A ulle < C(a, d)IIAZ ull}™ (1l

[1] M. Bramanti, G. Cupini, E. Lanconelli and E. Priola: Global LP-estimate for degenerate Ornstein-Uhlenbeck operators. Math Z.
266 (2010), 789-816.

[2] Z.-Q. Chen and X. Zhang: LP-maximal hypoelliptic regularity of nonlocal kinetic Fokker-Planck operator. J. Math. Pures et
Appliquées, (2018+).

[3] F. Bouchut: Hypoelliptic regularity in kinetic equations. J. Math. Pures Appl. 81 (2002), 1135-1159.
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» Consider the following nonlocal operator:
Z(x) = | [f(x+oy) + f(x =) = 20()](dy).
R

where o is a d X d matrix and v is a symmetric Lévy measure.
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» Consider the following nonlocal operator:
Z(x) = | [f(x+oy) + f(x =) = 20()](dy).
R

where o is a d X d matrix and v is a symmetric Lévy measure.
» Letn>2and

n
G(x) = Lot f(X) + D% Vg (),
j=2

where £t

Ot,Xn

means that the operator acts on the variable x,.
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» Consider the following nonlocal operator:
Z(x) = | [f(x+oy) + f(x =) = 20()](dy).
R

where o is a d X d matrix and v is a symmetric Lévy measure.
» Letn>2and

n
G(x) = Lot f(X) + D% Vg (),
j=2

where £t

Ot,Xn

» Suppose that

means that the operator acts on the variable x,.

lorlloo + Nl fleo < 00
and for some « € (0, 2),
(@)

<V3<V2 ,

where vg") and v

Lévy measures.

(@)

, ' are two symmetric and nondegenerate a-stable
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Theorem 2 (Nonlocal version)
Under the above assumptions, we have forany j=1,---,n,

<Clifl,,  (1.12)
o

HA;““’(””)L e‘“?“sngrsf(t—l—s,x)dt‘

where T_{ is defined as in (1.8) by using the time-inhomogeneous Markov
process {{L*;t > 0}; (s, x) € R x R} determined by the family of Lévy
measures {vs, s € R} in place of Brownian motion.

v

Remark: At the almost same time, Huang, Menozzi and Priolal'l obtained
(1.12) for time-independent o and v by Coifman-Weiss’ theorem.

[1] Huang L., Menozzi S. and Priola E.: LP-estimates for degenerate non-local Kolmogorov operators. J. Math. Pures et Appliquées,
(2018+).
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The first motivation comes from the study of Boltzmann equation.
» Forv,v, e R and w € S9°1, define

V =v—(V-V, 0w, V,=V,+{(V-V,, 0o,

where v, v, stand for the velocities of two particles before collision,
and v’, v, stand for the velocities of two particles after collision, and w
stands for the angle of collision.
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The first motivation comes from the study of Boltzmann equation.
» Forv,v, e R and w € S9°1, define

V =v—(V-V, 0w, V,=V,+{(V-V,, 0o,

where v, v, stand for the velocities of two particles before collision,
and v’, v, stand for the velocities of two particles after collision, and w
stands for the angle of collision.

» Vv, Vv, and V', v, satisfy the following momentum and energy conserva-
tions:
VAV =V VL VRGP = VR VP
and
(V,w) = Vs, w), (Vi,w)=(V,w).
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» The classical inhomogeneous Boltzmann equation takes the following
form
Oif(t, x,v) + v - Vf(t,x,v) = Q(f, f)(t, x, V),

where f stands for the density of the gas, and Q(f, g) is the collision
operator defined by

Q(f,9) Ld de 1 —f(v.)g(v))B(lv — V.|, w)dwdv,,

where B([V - V.|, w) = [V=V.]"b({(v - V., w)/[v-V.|) and b(s) =< s7'72,
o€ (0,2)andy +a € (-1,1).
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» Using the following elementary formula

oo Joars FO w)dwdx = fg [, o) F(h + w, w)lw|'"“dhdw,

one can write the collision operator as the following form (Carleman’s
representation):

at.o) = | L Ll =ma i w) ity = - wiov)
x B(lh + wl, w/|w|)lw|'"9dhdw.
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» Using the following elementary formula

oo Joars FO w)dwdx = fg [, o) F(h + w, w)lw|'"“dhdw,

one can write the collision operator as the following form (Carleman’s
representation):

ate)= [ [ [tv-mgt+w)-tv-n-wyg(w)
RI Jih-w=0)
x B(lh + wl, w/|w|)|w|'""9dhdw.
» In particular, if we let b(s) = s7'7¢, then we can split Q into two parts
Q(f.g) = Qi(f.g) + Qx(f. 9),
where Qi (f,g) := g(v)Hs(v) and

au(t.g) = [ (u-+w) - o) T aw,
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» with

Hy(v) = fRd L.W_O}(f(v —h) - f(v - h - w))

x |h + w1 |w|*=%dhdw,

Ki(v,w) := f f(v — h)lh + w" ' tedh,
{h-w=0}

Notice that K¢(v, w) = Ki(v, —w).
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» with

Hy(v) = fRd L.W_O}(f(v —h) - f(v - h - w))

x |h + w1 |w|*=%dhdw,

Ki(v,w) := f f(v — h)lh + w" ' tedh,
{h-w=0}

Notice that K¢(v, w) = Ki(v, —w).
» The linearized Boltzmann equation takes the following form:

Kf(V, )

w
(’)tg + V- ng = fRd(g(v + W) - g(V)) |W|<1+d

dw + g(v)H¢(v).
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» with
H¢(v) ::f f (f(v = h) = f(v—h—w))
R J{h-w=0}
x |h + w1 |w|*=%dhdw,
Ki(v,w) := f f(v — h)lh + w" ' tedh,
{h-w=0}

Notice that K¢(v, w) = Ki(v, —w).
» The linearized Boltzmann equation takes the following form:

0tg+V-Vyg = fRd(g(v +w) - g(v))%dw + g(V)H:(v).

[1] Villani C.: A review of mathematical topics in collisional kinetic theory. Handbook of Fluid Mechanics, 2002.
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Propagation of L2-regularity for transport equations

» Fixn>2and A>0. Let A be asin (1.3).
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Propagation of L2-regularity for transport equations

» Fixn>2and 4> 0. Let A be asin (1.3).
» Consider the following linear transport equation in R":

Jsu+ Ax-Vu—Au+f=0. (1.13)
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Propagation of L2-regularity for transport equations

» Fixn>2and 4> 0. Let A be asin (1.3).
» Consider the following linear transport equation in R":

Jsu+ Ax-Vu—Au+f=0. (1.13)

» lIts solution is explicitly given by
u(s, x) = —f at(e‘”u(t + s,e‘tAx))dt
0

¢ (1.14)
- f e‘“f(t+s,e“Ax)dt.
0
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Theorem 3

Let f,u € L2(R'+"9) so that(1.13) holds in the weak sense. For any a > 0
andj=1,2,---,n—1, there is a constant C = C(«,j,d) > 0 such that
AT ully < CIAZ uIge A (1.15)
In particular,
1+(n-j-1)a
IAZTT ylly < ClIAZ ull,™ ™ A " (1.16)

[1] F Bouchut: Hypoelliptic regularity in kinetic equations. J. Math. Pures Appl. 81 (2002), 1135-1159.
[2] R. Alexander: Fractional order kinetic equations and hypoellipcity. Anal. Appl. (Singap.) 10, no.3 (2012), 237-247.
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» Forany r > 0 and point (ty, Xo) € R'*", we introduce a family of “balls”
in R1+nd:

Qr(to,Xo) = {(t,X) : f(t - to,X - e(t_tO)AXo) < I’},
where

£(t,x) = max {It]"2, x| B0, o[V BN3) 4V, Il
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» Forany r > 0 and point (ty, Xo) € R+, we introduce a family of “balls
in R1+nd:

Qr(to,Xo) = {(t,X) : f(t - to,X - e(t_tO)AXo) < I’},

where

£(t,x) = max {It]"2, x| B0, o[V BN3) 4V, Il

» We use Q to denote the set of all such balls.
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» Forany r > 0 and point (ty, Xo) € R'*", we introduce a family of “balls”
in R1+nd:

Qr(to,Xo) = {(t,X) : f(t - to,X - e(t_tO)AXo) < I’},
where

£(t,x) = max {It]"2, x| B0, o[V BN3) 4V, Il

» We use Q to denote the set of all such balls.
> ((r?t,©,x) = r{(t,x) for any r > 0. |Q(to, Xo)| = w]r™+2,
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» Forany r > 0 and point (ty, Xo) € R'*", we introduce a family of “balls”
in R1+nd:

Qr(to,Xo) = {(t,X) : f(t - to,X - e(t_tO)AXo) < I’},
where

£(t,x) = max {It]"2, x| B0, o[V BN3) 4V, Il

» We use Q to denote the set of all such balls.
> ((r?t,©,x) = r{(t,x) for any r > 0. |Q(to, Xo)| = w]r™+2,
> 1If Qr(to, X0) N Qr(15, x;) # 0, then

Qr(t(), XO) C on.r(té, X(’))
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» Forfel]

,OC(R1+”d), we define the Hardy-Littlewood maximal function
by

MIE(t, x) .= sup If(t', x")|dx"dt’,
r>0 JQ(t.x)
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» Forfel]

,OC(R1+”d), we define the Hardy-Littlewood maximal function
by

MIE(t, x) .= sup If(t', x")|dx"dt’,
r>0 JQ(t.x)

» The sharp function is defined by

M¥(t, x) == sup If(t', x") = fa,(tx)ldx"dt’,
r>0 JQ(t.x)

where fora Q € Q,

1
fo = f f(t', x')dx'dt’ = —f f(t', x")dx'dt’.
Q QI Ja
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» One says that a function f € BVO(R'*"9) if MFf € L=(R+"9),

Xicheng Zhang LP-Regularity for Kolmogorov type hypoelliptic o Cheng-Due2018.7.16 21/29



» One says that a function f € BVO(R'*"9) if MFf € L=(R+"9),

» f € BMO(R'") if and only if there exists a constant C > 0 such that
for any Q € Q, and for some cq € R,

JC If(t',x") — cqldx’dt’ < C.
Q
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» One says that a function f € BVO(R'*"9) if MFf € L=(R+"9),

» f € BMO(R'") if and only if there exists a constant C > 0 such that
for any Q € Q, and for some cq € R,

JC If(t',x") — cqldx’dt’ < C.
Q

Theorem 4 (Fefferman-Stein-type theorem)

Suppose q € (1,), and & is a bounded linear operator from LI(R'+"%)
to LI(R'*") and also from L= (R'+"?) to BMO(R'+"?). Then for any p €
[g, ), there is a constant C > 0 depending only on p, g and the norms of
I ZLasLa and | Z||L~—Bmo SO that

| 2fl, < Cllfll,  for every f € LP(R'+"),
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For f € CX(R'+19), by Fourier’s transform and Hélder’s inequality, we have

f HA f e T pysf(t+s,-)dt
—00 O

= [ [k | [ et Tt s

oo JR
:f f |énl? f e Me b b T ey g ot gyt
—00 Rnd 0

e 0 t a  \x.—TA* ~ *
<f f (f eofet Bt e ey | g ota f)lzdt)
) Rnd 0

X ( f |g,,|2e—% b |(<r§+r)*e"**f|2drdt) deds.
0

2
ds
2

2

deds

2
déds
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» One can show easily

t t
( f |(ff§+r)*e”**f|2dr) A ( f |(a§+r)*e(”>’**§|2dr) > cl0p£P,
0 0
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» One can show easily

t t
( f |(ff§+r)*e”**f|2dr) A ( f |((r§+r)*e(”>’**§|2dr) > cl0p£P,
0 0

» From these two estimates, we have
0 o _1 f’l(o.a )*e”A*.flzdr
|Enl"e™2 Jo R str “hdt<c
0

and

b * t ¥ _ *
f (e &) pPe2 b (2 ) e M ePargs
0
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By the change of variables and Fubini’'s theorem, we obtain
2
ds

f ‘Axnf ei/lth,HSf(t_’_S")dt

—00 0 2

<C_1f f (f Ifnlze‘éL’l(ffé‘w)*e"’”f'zd’l?(t+s,e‘tA*f)IZdt)dde
nd

B f f (f I(e""¢) |e—;fo%(a-;,)*e(">“*f'2d’|?(t+s,f)lzdt)dfds
Rnd

=c! f f (f |(efA"§)n|2e—;fJl(vi_t+r>*e<‘-')"*flzdfdf)|?(s,f)|2dfds

—co JRN 0

<2c72 f f d|?(s,g)|2dgds — 2¢72|If|12.
—00 Rn

This together with (1.16) completes the proof of (1.11) for p = 2.
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Case: p € (2, )

> Leto € C(R"™) be nonnegative with [0 = 1. Define
0s(X) = £ Mo(x/e); >0,

and for a function f(t, x) defined on R x R™ and & > 0, let

fo(t,x) = f(t,-) x p(x) := j];d f(t,y)os(x — y)dy.
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Case: p € (2, )

> Leto € C(R"™) be nonnegative with [0 = 1. Define
0s(X) = £ Mo(x/e); >0,

and for a function f(t, x) defined on R x R™ and & > 0, let

fo(t,x) = f(t,-) x p(x) := j];d f(t,y)os(x — y)dy.

» Forj=1,---,nand g € (0, 1), define
Pt = PR (s.x) = Ay TR fo e MT2 it + 5, x)dt,

where the superscript a denotes the dependence on the diffusion co-
efficient a.
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» Our main task is to show that ng is a bounded linear operator from

L= (R'+") to BMO. More precisely, we want to prove that for any
f e L*(R'") with ||fllo < 1, and any Q = Q;(ty, Xo) € Q,

Jg | PP 1o(s.x) - ¢fF < C, (1.17)

where cjO is a constant depending on Q and f., and C only depends

on n,«, p,d, and not on ¢.
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» Our main task is to show that ng is a bounded linear operator from

L= (R'+") to BMO. More precisely, we want to prove that for any
f e L*(R'") with ||fllo < 1, and any Q = Q;(ty, Xo) € Q,

Jg | PP 1o(s.x) - ¢fF < C, (1.17)

where cjO is a constant depending on Q and f., and C only depends

on n,«, p,d, and not on ¢.

Lemma 5 (Scaling Property)

For any Q = Q/(ty, Xo) € Q , we have
f |221,(s,%) — off = f |23 (s,%) - of?, (1.18)
Qr(to,Xg)

where ¢ € R, &s := a2, and f(t, x) == fg(rzt + 19, Orx + e’Axo). Here ©,
is the dilation operator defined in (1.7).

v
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Under (1.2), th,o of (1.6) has a smooth density function pg)t)(y). For each

B = (B1,---,Bn) € NI, where Ny = {0} UN, there are constants C,c > 0
only depending on n, 3, d and k such that for all s < t and x,y € R™,

’

V- VO (y)] < C(t — ) (FITELA RN +1)8)/2 =610 g2y

where ©, is the dilation operator defined by (1.7).
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Lemma 6

Under (1.2), th,o of (1.6) has a smooth density function pg)t)(y). For each

B = (B1,---,Bn) € NI, where Ny = {0} UN, there are constants C,c > 0
only depending on n, 3, d and  such that for all s < t and x,y € R™,

’

V- VO (y)] < C(t — ) (FITELA RN +1)8)/2 =610 g2y

where ©, is the dilation operator defined by (1.7).

| A

Corollary 7

Foranyj=1,---.n, a € (0,2] and 8 = (B4,---,Bn) € N{, there is a
constant C > 0 such that for all f € C°(R™) and s < t,

||Aﬁ_/2V€11 VT oo < Clt = 8|7 B RU=D+1)B+Rn=D+D) 2
j n” S

||v€: ---V‘i;Ts,tAi‘/zfllm < Clt - S|—(Z§’:1 (@(n=D+1)Bi+@(n=D+1)e)/2)f)|

where Aﬁ/ 2 means that the fractional Laplacian acts on the variable x;.
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Proof of (1.11) for p € (2, o).

By the scaling property, the above Corollary and the well-proved estimate
for p = 2, one can show ¢ : L=(R'*"¥) — BMO is a bounded linear
operator with bound independent of &. Estimate (1.11) for p € (2, o) follows
by Theorem 4 and the well-proved estimate for p = 2. O
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operator with bound independent of &. Estimate (1.11) for p € (2, o) follows
by Theorem 4 and the well-proved estimate for p = 2. O

Proof of (1.11) for p € (1, 2).
It follows by a duality argument.
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Thank you very much for your kind attention!
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